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Abstraot 

The  problem  of  the  susceptance  of  a circular  obstacle  in 
a circular  waveguide  with  an  incident  TSq^  node  is  solved  by 
a variational  method.  Theoretical  expressions  are  obtained 
which  are  in  good  agreement  with  experimental  results. 

Curves  of  normalised  susceptance  as  a function  of  relative 
aperture,  guide  wavelength,  and  free-s pace  wavelength  are 
included. 


I 

IntrctacUon 

Recent  Interest  in  the  practical  transmission  of  milli- 
meter waves  has  created  a demand  for  a practical  low- loss 
transmission  line.  The  dominant  circular-electric  mode  is 
Ideally  suited  for  this  application.  During  the  past  few 
years  several  researchers  have  investigated  the  anomolous 
attenuation  character  of  this  mode  and  have  considered  its 
practical  application.  ^ The  problem  of  exciting  a rela- 
tively pure  TX01  mode  with  sufficiently  high  available  power 
has  been  solved  satisfactorily  by  Southworth  and  his  cowork- 
ers at  the  Bell  Telephone  Laboratories.'*’®  Theoretical  and 
experimental  investigations  of  attenuation  in  circular 
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waveguide  Indicate  that  the  Rq^  node  can  propagate  with  neg- 
ligible additional  attenuation  due  to  node  conversion  caused 
by  slight  random  variations  in  the  dlaneter  of  standard  tub- 
ing.^’ 0 The  theoretical  problem  of  a curved  circular  wave- 
guide has  been  considered  in  great  detail.11’12  The  compli- 
cation arises  from  the  fact  that  the  TEq^  mode  is  not  the 
dominant  mode  in  the  circular  waveguide.  In  particular  the 
B01  mode  has  the  same  phase  velocity  as  the  TM^*  mode and 
therefore  any  major  disturbance  such  as  a curvature  of  the 
waveguide  axis  will  convert  the  energy  of  the  TE01  mode  to 
the  TKj^  mode  as  well  as  to  other  propagating  modes.  Only 
uniform  circular  waveguides  are  considered  here  because  to 
date  this  is  the  only  practical  method  of  transmission  of 
the  TEq^  mode. 

This  paper  is  concerned  with  the  determination  of  the 
susceptance  of  a symmetrical  obstacle  to  an  incident  domi- 
nant circular-electric  wave.  The  obstacle  shown  in  Pig.  1 
is  assumed  to  possess  infinite  conductivity  and  negligible 
thickness.  The  obstacle  is  planar  and  has  circular  symmetry. 
It  is  assumed  that  the  exciting  mode  is  the  dominant  circular- 
electric  mode;  hence  the  symmetry  of  the  obstacle  limits  the 
higher  attenuating  modes  excited  by  the  obstacle  discontinu- 
ity to  the  higher  circular-electric  modes.  The  energy  stored 
in  the  higher  modes  is  entirely  magnetic.  The  circular 
obstacle  can  accordingly  be  represented  as  a shunt  Inductance 
on  the  analogous  transmission  line. 

The  general  procedure  for  the  determination  of  the  normal- 
ized susceptance  of  a thin  obstacle  by  a variational  principle 
has  been  described  in  several  references. 1^”1®  The  accuracy 
of  the  obtained  theoretical  results  depends  on  the  nature  of 
the  assumed  trial  field.  It  has  been  found  that  the  laborious 
calculations  required  to  evaluate  the  normalized  susceptance 
usually  limit  the  trial  function  to  a series  of  two  terms. 

In  this  report  the  problem  of  the  circular  obstacle  is 


considered  froa  two  aspects,  ona  Involving  a lower-bound  vari- 
ational formulation  and  tha  other  an  upper-bound  variational 
formulation. 

An  expression  which  la  a lowar  bound  to  tha  trua  value  of 
tha  obstacle  auacaptanca  la  expressed  in  tarma  of  tha  tangen- 
tlal  magnetic  field  (or  current)  on  the  obstacle.  The  choaen 
trial  function  conaista  of  two  terms t tha  first  is  the  unper- 
turbed current  distribution  on  an  aperture-leas  obstacle)  the 
second  is  a correction  term.  This  lower-bound  expression 
yields  susceptances  which  are  accurate  for  extremely  small 
apertures. 

The  normalized  susceptance  of  the  circular  obstacle  which 
serves  as  an  upper  bound  to  the  trua  valua  of  the  susceptance 
is  a function  of  the  tangential  electric  field  in  the  obstacle 
aperture.  Two  different  trial  functions  are  used  in  the  upper- 
bound  formulation.  The  first  assumed  trial  function  is  a series 
of  two  terms  consisting  of  the  electric  field  in  the  aperture 
as  the  radius  of  the  aperture  approaches  that  of  the  waveguide, 
and  a correction  term.  Theoretical  values  for  the  susceptance 
obtained  by  this  approach  yield  accurate  results  for  obstacles 
with  large  apertures.  The  second  trial  function  consists  of  a 
two-term  trial  function  for  the  aperture  electric  field  and  is 
chosen  to  satisfy  the  boundary  conditions  at  the  obstacle  dis- 
continuity in  the  proper  fashion. 

Theoretical  results  obtained  from  the  lower-  and  upper- 
bound  expressions  are  in  excellent  agreement  with  the  experi- 
mental results. 


II 

YirlfltlgMl  Zflomlillfln 

The  electromagnetic  nature  of  the  obstacle  problem  is 
simplified  by  representing  the  discontinuity  as  a lumped 
constant  equivalent  parameter  in  a TSQ1  transmission  line. 
This  is  accomplished  by  expressing  the  field  components  in 
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terms  of  mod*  voltages  and  mod*  currents.  Owing  to  th*  sym- 
metrical excitation  and  the  symmetry  of  the  obstacle,  the  modes 
of  Interest  are  the  circular-electric  modes.  Por  harmonic  time 
dependence  (*xp(J<ot))  the  field  components  of  the  oiroular-electrlo 
modes  expressed  as  a function  of  mode  voltages  and  currents  aret 
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A tabulation  of  the  necessary  quantities  is  given  below. 
rQ  ■ obstacle  aperture  radius 

a ■ radius  of  the  circular  waveguide 

rft 

6 - — - relative  aperture  or  aperture  radius  to 
" guide  radius  ratio 

k * wVilS  ■ fre*-space  wave  number 

pn  * nth  root  of  J^(x)  * 0 


• wave  number  of  guide 
^ m^J[  u intrinsic  admittance  of  free  spao* 

t ■ ^ - intrinsic  impedance  of  free  space 
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Substitution  of  tho  fioid  components  of  squatlon  (1)  into 
Maxwell's  fioid  oqustlons  rosults  in  two  ilnultanoous  equa- 
tlons  which  are  identical  in  forn  to  tho  conventional  trans- 
mission-line equations. 


az 

«.(*) 


-JkMn(.)  - -J?nZenIn(«> 

“E* ■ "V*>  * -i'AnV1' 


(2a) 

(2b) 


Using  the  transnlssion-line  analog,  it  is  possible  to  de- 
fine a characteristic  admittance  and  a characteristic  Impedance 
for  each  circular-electric  transmission  line.  For  propagating 

modes  the  characteristic  admittance  and  the  characteristic 

cn 

Impedance  Z^  are  real  quantities  and  related  by 


(3) 


while  for  nonpropagating  modes  Tcn  and  ZCQ  are  imaginary. 
Therefore 


cn 


cn 


-1  2.  k2 
(t)|i 


(4) 


The  thin  circular  obstacle  can  be  represented  as  an  equi- 
valent shunt  susceptance  B on  the  BS01  transmission  line.  The 
TEq^  field  exciting  the  obstacle  is  arbitrary,  making  it  pos- 
sible to  separate  the  exciting  field  into  even  and  odd  compo- 
nents. The  even  case  requires  the  tangential  magnetic  field 
to  vanish  in  the  aperture  while  the  tangential  electric  field 
is  at  its  maximum  value.  Odd  excitation  requires  the  tangen- 
tial electric  field  to  vanish  in  the  aperture  and  the  tangen- 
tial magnetic  field  to  be  maximum.  Considering  only  even 
excitation  and  applying^  the  bisection  theorem  immediately 
leads  to 

Tln  - -*  I > 


where 


(5) 
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TU  it  the  admittance  looking  into  tho  bisected  structure  (••• 
Fig.  2). 

Th#  obstacle  susceptance  ean  now  bt  determined  by  solving 
Maxwoll's  flold  aquations  in  the  region  to  the  loft  of  the 
obstacle  with  the  following  boundary  conditions 


1^  * 0 r ■ a -oo  < s < 0 

Iv  * 0 r<r  <a  a * 0 (6) 

■».  • o 

a. 

H - 6 0<r  < r_  x * 0 

r • o 

The  problen  can  be  foraulated  in  terms  of  the  tangential  elec- 
tric field  In  the  aperture  or  the  tangential  magnetic  field  on 
the  surface  of  the  obstaole. 

The  uniform  field  structure  In  the  4-dlrection  permits  the 
transverse  electric  field  to  be  expressed  as  a sun  of  mode 
voltages  of  the  circular-electric  type.  A similar  represen- 
tation In  terms  of  the  mode  currents  ean  be  obtained  for  the 
transverse  magnetic  field.  Prom  equation  (1)  these  quantities 
are  given  by 

Kt  ’ Vr»z)  " Vp)VnU)  C7a) 

n*l 


V*,*) 


(7b) 


Prom  orthogonality  conditions  the  mode  voltage  amplitudes 
and  mode  current  amplitudes  can  be  expressed  In  the  form  of 
Integrals  over  the  circular  guide  cross  section,  resulting  in 


Tn(,)  * /Vr»,)#n(p)dr 
8 

W H^(r,s)ha(r)dff' 


(8a) 

(8b) 


z-0 


(b)  TRANSMISSION  LINE 
ANALOGY 


(c  APPLICATION  OF 
BISECTION  THEOREM 


FIG.  2 SIMPLIFICATION  OF  WAVEGUIDE  CIRCUIT 
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Applying  the  boundary  condition  that  tha  transverse  mag- 
no  tie  field  mat  vanish  on  tha  aperture  of  the  obstacle  yields 
the  relationship 

Xnhn(r)  * ■ 0 (9) 

0<r  <r# 


Ijh^r) 


n-2 


The  left  side  of  the  above  equation  represents  the  propagating 
node  (dominant  circular-electric  mode)  while  the  sunnatlon 
consists  of  higher-node  terms  excited  by  the  discontinuity 
of  the  obstacle.  These  higher  non propagating  modes  are 
assumed  to  be  completely  attenuated  before  reaching  the  near- 
est discontinuity.  This  is  equivalent  to  terminating  each 
nonpropagating  mode  In  Its  reactive  characteristic  adadttance. 
Making  use  of  the  transmission-line  equation  relating  VR  and 
In,  equation  (9)  can  be  written  as 

W'l  * -2l*cnW'>  ■ 

n“2  (10) 

£v»<r>  J Vr’)hn(r')d<r’ 

n*2  aperture 


Interchanging  the  order  of  summation  and  integration  yields 

I1hi(r)  « J 0(r,r')yr')dtr',  (11) 

aperture 

where  the  function  G(r,r')  Is  defined  as 

0<r,r')  - XIcA(r,Vr')  (12) 

n«2 

The  above  equation  Is  an  integral  equation  with  the  aper- 
ture electric  field  as  the  unknown  quantity.  If  it  is  possible 
to  determine  E^(r')  from  the  solution  of  the  integral  equation 
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the  desired  sqaoeptance  can  ba  obtained  from  aquation  (5)  and 
aquation  (8a).  It  than  follows  that  the  anaeaptanoa  of  the 
obstacle  la 

-il (13) 

I^(p)h1(r)dd* 
aperture 

Because  of  the  Inherent  difficulty  involved  in  obtaining 
a solution  for  the  integral  equation,  an  approximate  expres- 
sion for  the  obstacle  susceptance  will  be  obtained  by  the 
application  of  a variational  principle. 

Multiplying  equation  (10)  by  the  unknown  aperture  field 
I^(r) , integrating  over  the  aperture,  and  dividing  by  T2  yields 
the  variational  expression  for  the  obstacle  susceptance 


.zlfi 


J1.!  J V>hn(r)* 

2 = 

I”  J E^(r)h1(r)d<r 2 

[aperture 


(14) 


It  can  be  readily  shown  that  this  expression  for  the  obstacle 
susceptance  is  stationary  with  respect  to  small  variations  of 
B^(r)  about  the  correct  aperture  electric  field.  If  the  chosen 
trial  function  is  correct  to  the  first  order,  the  resultant 
susceptance  will  be  correct  to  the  second  order.  If  the 
chosen  trial  field  is  the  actual  aperture  electric  field, 
then  the  calculated  susceptance  is  a minimum.  This  expression 
is  particularly  convenient  because  the  results  are  independent 
of  the  amplitude  of  the  trial  function. 


The  susceptance  determined  by  the  above  method  is  an 
upper  bound  to  the  correct  susceptance.  A lower  bound  can  be 
derived  from  a similar  formulation  Involving  an  assumed  cur- 
rent distribution  on  the  obstacle.  The  lower-bound  susceptance 
obtained  in  this  manner  is 
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J Hy(p)#1(r)do* 
gSiSaali i 


cn 


J Hr(r)«n(r)d<r 

.obstacle 


(15) 


IT 

Lower-Bound  Expression  for  the  Obstacle  Susceptance 

The  assumed  obstaele  current  (the  tangential  component  of  the 
magnetic  field)  is  chosen  to  be  the  obstacle  current  as  the 
aperture  tends  to  zero  and  a correction  term.  The  trial  field 
chosen,  consisting  of  the  first  two  terms  of  a set  of  orthogonal 
functions,  is 

Hp(r)  - J1(p1  *)  ♦ *),  re  £ r < a,  (16) 

where  A is  i constant  to  *e  evaluated  later. 

It  would  be  possible  to  obtain  a very  accurate  solution  by 
assuming  as  a trial  function  the  sum  of  a large  number  of 
orthogonal  functions  with  undetermined  coefficients.  The 
calculated  results  obtained  by  determining  the  unknown  coef- 
ficients so  as  to  make  B stationary  would  yield  an  accurate 
value  for  the  susceptance  of  the  obstacle.  Practically,  how- 
ever, the  calculations  become  extremely  tedious  for  trial 
functions  consisting  of  more  than  two  terms.  For  the  practical 
evaluation  of  the  obstacle  susceptance,  the  analysis  of  the 
lower-  and  upper-bound  expressions  is  specialized  to  trial 
functions  containing  only  two  terms. 

The  assumed  field  Hr(r)  is  Inserted  in  equation  (15)  and 
the  variational  expression  for  the  obstacle  susceptance  is 
written  in  the  following  convenient  form 
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* 


fr  Ji(fi  f>  + * h(l>2  5))rdrj 


nj2(Pl) 


(17) 


The  Integrals  In  the  previous  equation  can  be  evaluated 

JA 

by  using  these  standard  forms  for  the  Bessel  functions: 
a 

m f n 


f Jl<Pm  !)rdr 

\ 

‘ A [<>mJo'P»6>Jl<Pn6>  - Pn  Jl(P.^Jo(Pn6)] 


(18) 


and 
a 


f Ji<P,  f l^dr 

ro 

* [6{j0<p.6)J2(pB6)  - jf(P,5)j-  J°<P^Ja.(.V-  j (19) 

Equation  (17)  can  be  simplified  by  letting 

r 1 a * 

V 1 °2  * f Jl<ea  S>rtr  * A f Jl(fn  {)J1(P2  • )rdr 


a28 


and 


a26 


, a a 

J F-l  ♦ AF2j- J [j1(p1  {)]  2 rdr  + kj  {jJ^Pg  £)rdr 


(21) 


Performing  the  required  Integrations  results  In 


TH159 


-11 


°i  * n * 2 <22> 

^n"^l 

0a  • |[6(l0(Ps8)J2(p28)-jJ(Pj6)  j - falfefo(pg?  ] „ - 2 

L 1 J J (23) 

°2  ‘ V-2  [PnJo«,a8>,l«,2«-<,2,X^n«,o«>2S)]  “ > * 

Pn-P2  U 

?i  * i ^{j0(Pi5>,2<Pi5>-,i‘Pi8J}-  ] (a*) 

F2  ' ^5  [p2J0(P2«)J1(P18)-P1Ji(Pj6)Jo(Pi8)]  (25) 


Substitution  of  the  above  expressions  Into  the  equation  for 
the  obstacle  susceptanee  yields 


ft’ 

Cl+A'l?  _ 

(26) 

t A 

nJ2(Pi)  > ML.  -7im 

n 

where 

F2 

(27) 

Is  a constant  to  be 

evaluated. 

A further  slapllfleatlon  Is  achieved  by  deflnlnf 

«o  ■ X 

CV>iJa 

• 

/9j|\ 

VpJ-Ou)*  j»(pa) 

•i  ■ n'2<Pi>  X 

VpJ-(ta)1  f*(PB) 

(19) 

m W m 
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•2 


y [v*2i2  . 


(30) 


The  normalised  susceptance  for  the  circular  obstacle  can 
be  simply  expressed  as 

- - 5 (31) 

Se  ♦ ZA^  + A'2  S2 

the  condition  for  the  susceptance  to  be  stationary  with 
respect  to  the  arbitrary  coefficient  A*  Is  that  the  derive tive 
of  B with  respect  to  A'  must  be  sero.  Performing  the  differ* 
entlatlon  and  setting  the  result  equal  to  sero,  one  obtains 


A* 


(32) 


Inserting  the  value  for  A'  into  equation  (31)  gives 


" <V  So>2 
so  - 7S7"^r“2Sp 


Pirst  (33) 
order 


for  the  two- term  trial  function.  The  susceptance  using  a one- 
term  trial  function  (A*  » 0)  Is  given  by 


Zero  (34) 

order 


It  can  readily  be  shown  that 

CSi-  80)2 

<VV2V 

In  the  denominator  of  equation  (33)  Is  a positive  quantity $ 
therefore  the  susceptance  determined  by  Insertion  of  the  two- 
term  trial  function  Is  larger  than  the  susceptance  determined 
from  the  first  term. 


Referring  to  the  trial  function  of  equation  (16),  the 
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coefficient  A it  evaluated  to  give  tho  minimum  susoeptanoe 
for  tho  ohooon  trial  function,  yielding 

“r(t)  * Jl(*l  «>  4 j T*  Jl(f2  i> 


III 

- Puner-Bound  Expression  for  tho  Obitaelo  Susceptance 

Two  different  trial  functions  are  usad  In  tho  upper-bound 
variational  formulation  for  the  normalised  susceptance  of  the 
circular  obstacle. 

The  first  trial  function  consists  of  the  unperturbed  aper- 
ture electric  field  and  a correction  term.  This  assumed  field 
which  will  give  accurate  values  for  the  susceptance  of  obsta- 
cles with  large  apertures  (i.e.,  small  perturbation  of  the 
Incident  field)  is 


Vr) 


1 *o>  4 C Jl('2  f? 


0 < r<Tr 


(36) 


The  above  function  satisfies  the  boundary  condition  that  the 

electric  field  must  vanish  at  the  axis  and  at  r * r . 

o 

Insertion  of  the  trial  function  into  the  upper-bound 
expression  for  the  obstacle  susceptance  allows  the  variation- 
al fora  for  the  susceptance  to  be  expressed  as 


The  integrations  are  carried  out  by  Lommel's  Integral  Formu- 
lae (as  in  equations  18  and  19)*  The  relative  susceptance  can 


HQ  59  -14- 

be  simply  expreweed  as 


-a- . V.JS'Al0^ 

^Org  (i4C»r 


(38) 


where 


Tk- 


J2-*2)*^,  ) <*L,  Vp«-<1«)2 


n J?( 


C' 


1.  2 

(39) 

are  defined) 

C Ja(p2) 

(40) 

(41) 

pi 

!a« 

(42) 

pi 

The  coefficient  C*  which  yields  the  minimus  susceptance  for 
the  chosen  trial  function  Is  given  by 


T,-  T, 


C*  - *1  0 

Tl“  *2 

Substituting  the  above  quantity  Into  equation  (38)  gives 


(43) 


• T • 
Ao 


First  order 


(44) 


»i- V_ 

for  the  assumed  two-term  trial  function. 

The  Induetlve  susceptance  determined  by  using  the  unper- 
turbed field  S^(r)  ■ J^CP^  »s  * trial  funotion  is  given  by 


Zero  order 


(45) 


9159  -15- 

It  can  furthermore  be  shown  that  (T j*T0) */( T0*f j-2f  j)  la 
always  a positive  quantity  indicating  that  tha  first-order 
suseaptanea  of  equation  (4a)  la  laaa  than  the  aaro-ordar 
ausoaptanca  of  aquation  (45)* 

Tha  trial  function  of  aquation  06)  with  C evaluated  to 
give  tha  minimum  acceptance  for  the  choice  of  trial  func- 
tion then  becomes 

V')  * ^(P^)  + Jl('“2r>  (46) 

where  <r  * 

ro 

To  this  point  trial  functlona  have  bean  considered  that 
are  expected  to  give  accurate  valuea  for  the  acceptance  of 
obataclea  with  very  anall  or  very  large  aperturea.  The  final 
trial  function  to  be  lnaerted  in  the  upper-bound  expresalon 
of  equation  (la)  la  an  approximation  to  the  aperture  electric 
field  determined  from  the  quasl-atatlc  solution.  The  parti- 
cular function  selected  la  choaen  so  that  the  Integrals  In 
the  variational  expression  can  be  readily  evaluated. 

The  trial  function  which  Meta  these  requirements  and 
satisfies  the  boundary  conditions  la 

B^(r)  ■ xMrJ;-  r^  ♦ D r*  (47) 


Inserting  this  function  Into  the  variational  form  for 
the  relative  acceptance  results  In 


X yPn-(k*)Z 



Jl(pn  J){r2^ro“r2fi4Dp2^}drj 

tr 

{>  1 

r^7tlW])dr 

2 

(48) 

The  integrals  to  be  evaluated  are  of  the  form 
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1 - ^ J1(pn  {)  r*  1/pJ  - r*  dr 

These  Integrals  oan  ba  evaluated  by  asking  the  substitution 
r * r0slnO;  it  then  follows  that 

I m r^“f2)  slngjaln*®  eos2®  d® 

*o 

This  Integral  is  evaluated  froa  Sonlne's  first  Integral 
fornula  21  , yielding 

I , r(»^2)  J2J1(pn5  sln0)sln®9  cos2®  d® 


(49) 


V?  r 


(m+2) 


f(V2) 


<P„6) 


W 


(50) 


J(**-l/2)  (pn8) 


where  T(x)  is  the  gamna-function  of  x. 

Performing  the  integrations  In  equation  (48)  the  expression 
for  the  normalized  susceptance  becomes 


B u„  ♦ zp-y  p'2^, 

YclXg  (1  + D')Z  ' 

where  D'  Is  an  arbitrary  constant  defined  by 


(52) 


D'  * D r 


2 WP18) 

o ^(P^) 


and 


(53) 


(54) 


Proceeding  as  In  the  previous  two  oases,  the  arbitrary 
coefficient  is  determined  by  differentiating  equation  (52)  with 
respect  to  D'  and  by  setting  the  resultant  expression  equal  to 
zero.  The  constant  is  therefore  evaluated  to  be 
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(55) 


It  it  now  possible  to  express  tho  first-order  susceptance 
as 


ft 


.0 . iscjal 


V V »1 


and  tha  ser o- order  susceptance  as 


(56) 

(57) 


Tha  trial  function  of  equation  (47)  with  tha  coefficient  D 
adjusted  to  yield  a minimum  susceptanca  for  this  choice  of  trial 
function,  becomes 


Ev(r) 


1 

r ■ 
« 

IV 

< 

\trYl-o2 


(58) 


I? 

Theoretical  and  WtptI— ntal  Baaulta 

The  Inductive  susceptance  of  the  circular  obstacle  was 
calculated  forvaSues  of  & between  .5  and  1.  Smaller  values  of 
& are  of  little  Interest  because  little  energy  is  transmitted 
through  small  apertures.  Calculations  of  the  lower-bound 
expression  for  the  susceptance  (equation  (35)  as  the  trial 
function)  and  the  upper-bound  expression  for  the  susceptance 
(equations  (46)  and  (58)  used  as  trial  functions)  were  carried 
out  for  *75*  The  sero-order  and  first-order  susoeptances 

and  also  the  experimental  results  are  plotted  on  Figs.  3,  4, 
and  5*  Table  I consists  of  the  experimental  and  theoretical 
data  used  to  construct  these  curves.  It  is  observed  that  the 
first-order  susceptance  determined  by  the  lower- bound  varia- 
tional formulation  and  the  first-order  susceptance  derived 
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fron  the  assumed  aperture  electric  field  of  aquation  (46)  in 
tfaa  uppar-bound  formulation  ara  in  excellent  agreement  with 
tha  experimental  rasults.  The  dlffaranea  batwaan  tha  sero- 
and  tha  first-order  suseeptanoas  is  a convenient  met sure  of 
the  closeness  of  the  assuaed  field  to  the  correct  field. 

It  is  of  particular  interest  to  observe  tha  Banner  in 
which  a particular  trial  function  varies  with  tha  size  of 
the  obstacle  aperture.  In  Figs.  6,  7,  and  8 the  trial  func- 
tions are  plotted  as  a function  of  radial  position  with  8 as  a 
parameter.  Of  course  it  is  impossible  to  find  an  exact  cor- 
relation between  the  assumed  fields  and  tha  correct  obstacle 
susceptance  because  the  actual  aperture  field  and  obstacle 
current  are  not  known. 

The  first-order  susceptance  determined  by  Inserting 
B^(r)  of  equation  (46)  in  the  upper-bound  variational  expres- 
sion for  the  obstacle  susceptance  is  plotted  in  Fig.  9 for 
values  of  £ equal  to  .70,  .75,  .90,  1.0.  These  theoretical 
values  are  compared  with  the  experimental  values  and  are  in 
excellent  agreement  for  values  of  6 greater  than  .55.  The 
curves  of  Fig.  9 can  be  used  to  obtain  the  susceptance  of  a 
circular  obstacle  providing  the  obstacle  structure  meets 
the  requirements  set  forth  by  the  theory. 

V 

tuulmnSal  miamlan 

The  susceptance  of  the  ciroular  obstacle  was  Beasured  by 

the  resonance-curve  method.  An  excellent  description  of  the 

experimental  technique  used  for  the  precise  msasureaent  of 

22 

waveguide  discontinuities  is  given  by  Huxley. 

The  ciroular  waveguide ,in  which  the  susceptance  of  the 
circular  obstacle  was  Beasured,  consists  of  brass  tubing  with 
5. 750- in.  l.d.  and  .125- in.  wall.  At  a frequency  of  3000  Mc/s 
the  waveguide  is  capable  of  supporting  six  propagating  nodes 
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ASSUMED  ELECTRIC  FIELD  IN  OBSTACLE  APERTURE 


FIGURE  8 
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The  generator  of  the  MTS01  trananlaaion  line*1  consists  of 
a shielded  loop  of  3A6  In*  diameter,  constructed  from  1/32  In. 
o.d.  coaxial  line.  The  generator  Is  mounted  on  the  face  of 
one  of  the  two  noncontacting  short-circuiting  plungers.  The 
loop  is  oriented  to  couple  maximum  energy  to  the  dominant 
circular-electric  mode. 

file  detector  consists  of  four  identical  shielded  loops 
similar  to  the  excitation  loop,  and  uniformly  spaced  about 
the  circumference  of  the  waveguide.  The  plane  of  the  detect- 
ing loops  Is  oriented  in  the  transverse  plane  and  adjusted  so 
that  the  currents  excited  on  the  loops  are  codirectlonal. 
Individual  detector  loop  outputs  of  equal  phase  and  ampli- 
tude are  connected  together  and  to  the  radio- frequency 
receiver. 

Owing  to  the  discriminating  properties  of  the  detector 
and  the  damping  effect  of  the  lossy  material  behind  each  non- 
contacting short-circuiting  plunger,  the  TE01  mode  was  observed 
to  be  approximately  60  db  above  extraneous  modes  over  a free- 
s pace-wavelength  range  from  7.30  to  11.90  cm. 

The  circular  obstacles  were  fabricated  from  brass  flat 
stock  of  .0l6-ln.  thickness.  The  obstacle  thickness  t in 
terms  of  guide  wavelength  is  given  in  Table  II  below. 


Table  H 


t 

X. 

am 

calculated 

Xg 

6cm 

measured 

.70 

.75 

.90 

1.00 

10. 441 
9.737 
8.150 
7.321 

21.262 

16.700 

11.110 

9.245 

.00191 

.00243 

.00366 

.00440 

It  is  estimated  that  the  susceptances  were  measured 
with  an  order  of  acouracy  of  .1  per  cent. 
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Lover-bound  and  upper-bound  expressions  have  been  obtained 
for  the  suseeptance  of  a circular  obstacle  excited  b y the 
node  in  circular  waveguide.  The  assuned  fields  used  in  the 
variational  foraulatlons  are  plotted  to  give  a qualitative 
description  of  the  actual  fields  that  exist  on  the  obstacle. 
The  discrepancy  between  experimental  and  theoretical  results 
is  probably  due  tot 

1.  Approximate  nature  of  the  theoretical  values  to 
the  true  values  of  suseeptance* 

2.  The  finite  thickness  of  the  obstacle. 

3.  Finite  conductivity  of  the  obstacle. 

4.  Elllptlclty  of  the  circular  waveguide. 

5.  Presence  of  lower-order  propagating  modes. 

6.  Difficulty  in  keeping  the  thin  obstacle  planar. 

7.  Slight  asymmetry  of  the  obstacle  aperture  with 
respect  to  the  guide  axis. 

8.  Typical  errors  Involved  in  the  measurement  of 
admittance  by  the  resonance-curve  method. 
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